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How do children learn mathematics?

Alice Hansen

Chapter overview
Understanding how children learn mathematics is a critical element of your beginning to 
understand the errors and misconceptions they make. This chapter aims to support you to:

MM develop your understanding of children’s mathematical cognitive development (the 
micro-level);

MM develop your understanding of cognitive development within mathematics curricula 
(the macro-level);

MM understand that all children (and adults, too) make errors in their mathematics work as 
they construct their own mis-conceptions of mathematics;

MM identify that adults mediate learning for children.

Distinguishing between macro-level and micro-level  
cognitive development
As a teacher you will be working within two levels of cognitive development as you plan, 
teach and assess. At the macro level, you will be ensuring that you meet the statutory require-
ments of the mathematics curriculum. At the micro level, you will be proactively responding 
to each individual’s needs and considering effective personalised learning for every child in 
your class. This is challenging to do, even when you become an experienced teacher. It is chal-
lenging because the spiral curriculum we use presents mathematical concepts hierarchically. 
This is evident in the level descriptions that can be found for mathematics (DfEE, 1999a). 
Through these, the curriculum presents conceptual development as a smooth progression 
throughout a child’s primary years. We can expect most children through their primary years 
to make steady progress from level 1 to level 4 (or above). However, you will probably know 
from your own learning experiences and your teaching experience that learning is very much 
context-dependent, and this has an impact on individual children’s progress. 

Let’s pause to pursue this. A child working at level 3 is able to state the properties of shapes. 
Do that now for a square. 

I suspect you have stated that is has four interior angles of equal size (all 90o) and four sides 
of equal length. It is likely that you thought about the order of rotation and number of lines 
of symmetry (and linked these to the square being a regular polygon with four sides). You 
may have also visualised the square having equal-length diagonals that are perpendicular. 
These numerous properties satisfy at least part of the level 3 National Curriculum level 
description (DfEE, 1999a). 
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Now do this with a less familiar shape, such as a kite. You may wish to use these prompts 
to help you. Using an inclusive definition of a kite, what are the:

MM number of right angles?
MM number of pairs of equal and opposite angles?
MM number of pairs of equal and opposite sides?
MM number of equal-length sides?
MM number of pairs of parallel sides?
MM number of lines of symmetry?
MM number of perpendicular diagonals? 
MM number of equal-length diagonals?
MM number of bisecting diagonals?
MM what is the order of rotation?

How did you get on? Check your answers with those on page 10. I suspect when you were 
carrying out the task, you had a prototypical picture of a kite in your mind (see Figure 1.1). 
That might be why you (probably) stated that the kite had just one line of symmetry. How-
ever, if we are considering the properties of a kite using inclusive definitions, remember a 
square is also a type of kite (see Figure 1.2). Therefore, if you were using an inclusive defini-
tion of ‘kite’, you should have stated that a kite has ‘at least one line of symmetry’, or that it 
has ‘an order of rotation of at least 1’. 

Am I confusing you? I hope so. (The notion of inclusivity is something that children − 
and adults − find difficult. See, for example, Jones (2000), Hansen and Pratt (2005), Hansen 
(2008).) My point is that when we track children’s progress over time, it appears smooth 
and (often) reflects the expectations of the prescribed curriculum. However, when we take 
a close look at a moment in that learning journey in detail, we no longer see a smooth de-
velopment. Instead we observe oscillation which is all rather messy. This is represented in 
Figure 1.3. 

Figure 1.1: A prototypical kite Figure 1.2: More examples of kites
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One final example, described by Simpson (2009, page 15), may help to describe this  
phenomenon:

Shaun had successfully measured a number of pencils and had been able to record their lengths 
in order; he knew that 21.4cm was longer than 21.25cm. However, in another lesson later in 
the same week, he was ordering a list of numbers and stated that 13.65 was bigger than 13.7.

What does this tell you about Shaun’s mathematical understanding of number (decimals), 
measurement (length) and use and application of mathematics? What does it tell you about 
his attainment at the macro-level and at the micro-level?

Macro- and micro-level cognitive change: planning and assessment
Macro- and micro-level cognitive change is seen reflected in a number of the aspects of 
a primary teacher’s role. Two of these are planning and assessment. Although these two 
aspects are strongly interrelated, Table 1.1 provides a summary of these discretely in order 
to exemplify them.

Macro-level Micro-level

Planning Follows long-term curriculum 
learning objectives

Follows short-term unit/weekly/
lesson learning objectives

Provides an overview of a yearly/
termly/half-termly intended 
learning journey

Identifies learning outcomes 
based on actual data gathered 
about very recent outcomes

Focuses on a larger group of 
children (typically the whole class, 
a year group or in some instances 
a key stage)

Focuses on a smaller group of 
children or individuals

Time
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Figure 1.3: Macro- and micro-level cognitive change
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Macro-level Micro-level

Planning Planning focuses mainly on 
content and context/themes

Planning considers how the 
content is learned, e.g. learning 
styles, resources, grouping, etc.

Changes may or may not be made 
to planning

Change is inevitable

Any changes will be minimal Changes may be significant

Any changes will impact on the 
longer term

Changes will occur in lessons and 
between lessons

Assessment Summative in nature Formative and diagnostic in 
nature

Happens at key points in the 
year/key stage

Happens continuously

Assesses children’s attainment 
over a longer term using 
curriculum levels or part thereof 
(e.g. 1c, 1b, 1a)

Assesses children’s attainment 
according to short-term learning 
objectives

Often uses a limited range of 
assessment strategies (typically 
pencil-and-paper tests or ‘tasks’ 
carried out independently)

Often uses a wide variety 
of Assessment for Learning 
strategies

Assesses the yearly/termly/
half-termly intended learning 
outcomes

Identifies ‘next steps’ learning 
outcomes based on recent 
assessment data gathered

These are used systematically to 
inform further long-term planning 
and to support transition between 
years

Used spontaneously or 
systematically to inform 
pedagogical decisions within a 
lesson or for the next lesson(s)

Often used to inform 
communication to parents at the 
end of a year

Can be used to inform 
communication with children, 
teaching assistants, parents or 
other adults supporting the child’s 
learning

Used to inform tracking of 
individual pupils’ progress 

Focus on the number of children 
changes depending on the 
learning/teaching undertaken

Can be used to prompt lesson 
study in a particular area of a 
teacher’s performance

Can be used in lesson study to 
support professional development 
through peer support
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Macro-level Micro-level

Assessment Assessment focuses on a narrow 
curriculum

Assessment focuses on a wider 
range of knowledge, skills or 
understanding

Any assessments will impact on 
the longer term

Any assessments will occur in 
lessons and between lessons

 
Table 1.1: Comparison of macro- and micro- level planning and assessment

The outcomes associated with macro- and micro-level cognitive change can be seen in 
many aspects of our teaching. Exploring the literature around these levels helps us to 
continue to develop our understanding. Therefore, the next section will consider in more 
detail the two levels. First, it will look at macro-level cognitive change, identifying how 
the literature represents the hierarchical nature of mathematical learning. Next, the notion 
of micro-level conceptual change is discussed. This goes on to explore some of the litera-
ture related to micro-level conceptual change and offers an explanation for why children 
make errors and develop ‘misconceptions’ in mathematics.

Macro-level cognitive change: exploring the notion 
of hierarchy 
The long- and medium-term planning teachers undertake is led by statutory and other cur-
ricula which are in part informed by macro-level theories of learning (e.g. Dubinsky et al., 
2005; Tall, 2007; Weber, 2005). These are usually hierarchical in nature, involving earlier con-
cepts becoming the foundations for later concepts to be built upon. This can be explained 
as a process where a new concept becomes developed sufficiently for it to become an object 
that can be used in a more advanced concept. For example, addition may be seen as an 
object that can be used in multiplication. Once we know how to calculate 3 + 3 + 3 + 3, this 
knowledge can be used to calculate 3 × 4.

To explain this, we can use the image of a spiral − as Jerome Bruner did − to model how 
concepts are expanded upon as they are developed. As you read the literature review be-
low, consider what model you have developed in your mind to explain this process and the 
different terms that are used to explain this. 

Many mathematics educators and theorists have written about these ideas. For example, 
Anna Sfard explored mathematical development taking guidance from mathematics his-
tory. She explained that the history of mathematics can be characterised as an ongoing proc-
ess of reification in which the processes are reinterpreted as objects (Sfard, 1991). We can see this 
through the historical development of mathematics. For example, the evolution of a base-
ten number system enabled written calculations to be developed. This is seen in curriculum 
guidance, where children are expected to have a good understanding of place value and 
mental calculation before they are taught formal written calculation methods (see, for fur-
ther guidance, ‘Teaching Written Calculations’ from QCA, 1999).
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Hans Freudenthal is a well-known figure in mathematics education. He was the founder 
of the Freudenthal Institute in Holland, where the Realistic Mathematics Education (RME) 
curriculum is being developed. Some aspects of this curriculum, such as the empty number 
line, have been borrowed within English mathematics non-statutory frameworks and guid-
ance. Freudenthal (1973) proposed that children should develop their mathematical under-
standing through reinventing mathematics. He suggested that children be given the op-
portunity to experience a similar process to the way a particular topic of mathematics was 
invented. He was clear that children should not repeat history as it occurred (Freudenthal, 
1981), but rather as if our ancestors had known what we now know. He maintained that 
conceptual development is psychological, rather than historical, in its progression. Grave-
meijer and Doorman (1999), also from the Freudenthal Institute, explain that the core activ-
ity within reinvention is ‘mathematising’, a way of organising from a mathematical perspective. 
Reification is identifiable here because the operational matter on one level becomes a subject 
matter on the next level. 

Dubinsky’s A-P-O-S theory (Dubinsky et al., 2005) identifies a common cyclic development 
called encapsulation. This cycle involves four levels whereby the last relates to a combined 
object-schema that in turn becomes the first level of a new cycle (Actions that are perceived 
as external, are interiorised into internal Processes, encapsulated as mental Objects devel-
oping within a coherent mathematical Schema) (adapted from Poynter and Tall, 2004). Gray 
and Tall (2007, page 25) explain how the process of compression involves taking complicated 
phenomena, focusing on essential aspects of interest to conceive of them as whole to make them avail-
able as an entity to think about. 

While this all seems fairly straightforward at the macro-level, what is unclear in all these 
approaches is the specific point at which a child has reified, reinvented, encapsulated or 
compressed a concept. For example, you will read in Chapter 3 that Gelman and Gallistel 
revealed how complex it is for young children to learn to count. Can we say that a child is 
able to count because they can recite the number labels to ten in order? Or when they can 
count to 100, or in tens or hundreds, or when they know that counting is an infinite activity? 
Is it when they can ‘count on’ in order to add … using integers … fractional numbers…? 

At the macro-level, it is possible to identify a qualitative difference between the attainment of 
children who are five years of age and ten years of age. However, if we focus on an individual 
child, their attainment is less straightforward. The clear, smooth progression at the macro 
level appears to give way to apparent fluctuation at the micro level, demonstrating a ‘gap’ 
between macro- and micro-level theories of conceptual change (diSessa and Cobb, 2004). 

What is micro-level conceptual change?
In the literature review on macro-level conceptual change above it was possible to see that 
although different theorists use different terminology, there exists a broadly agreed model 
about the learning of mathematical concepts. This is also observable within the literature 
about micro-level conceptual change. For example, there is common reference to children 
cognitively making systematic associations that they develop from their experiences within 
the rich world around them. This may be thought of as a web, where connections are made 
between the particular instances (Tennyson, 1996) of a concept that children experience. 
As these instances become increasingly associated, prototypes (early concepts) are formed. 
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Similarly, diSessa and Sherin (1998) refer to a co-ordination class. They define it as system-
atically connected ways of getting information from the world (page 1171). This is developed 
through a process they refer to as conceptual bootstrapping. Both of these views of children’s 
early conceptual change rely on children noticing what is happening around them and 
(usually subconsciously) making connections with other experiences or understanding of 
the ideas being developed.

Noss and Hoyles (1996, page 105) put forward a case for learning which involves the con-
struction of a web of connections between resources. Resources may be formal or informal, 
internal (cognitive) and external (physical or virtual). The web is developed through con-
nections being made between these resources. By drawing on the webbing of a particular 
setting, children will shape the way that they express their mathematical ideas (Noss and 
Hoyles, 1996, page 122). Noss and Hoyles call this process/object situated abstraction. Learn-
ers abstract within rather than away from (the literal meaning of ‘abstract’) a situation, web-
bing their own knowledge and understanding by acting within the situation. 

Wilensky (1991, page 201) also suggests that children establish connections to bring about 
cognitive change. He sees that this process of development moves from the abstract to the concrete. 
Wilensky labels the process of concretising as concretion: the process of new knowledge 
coming into relationship with itself and with prior knowledge, and thus becoming concrete. Wilen-
sky postulates that adults express difficult (higher-order) concepts as abstract because they 
have little or no understanding of the concept themselves, therefore it is abstract to them. 
Likewise, the easy (lower-order) concepts are very concrete for them − they understand 
these concepts because they are grounded. From this, adults then assume that these easier 
concepts are concrete and as children develop, they move on to more abstract concepts (or, 
as he calls them, objects). Wilensky maintains that all objects are abstract when an individ-
ual’s relationship with that object is poor. It is only when we use the object in various and 
multiple ways − when we develop a relationship − that we are able to begin to make sense 
of it, or it becomes concrete.

Two core aspects emerge from the cognitive change literature. These are the associations 
(webbing) that enable concretion, and the children’s experiences. Chapter 2 deals with chil-
dren’s experiences by discussing in more detail the role of the teacher. How a child devel-
ops relationships between resources during concretion or webbing is a process that hap-
pens cognitively. Therefore, we can only observe external products of that process, such as 
verbalised situated abstractions. 

Misconceptions and the classroom context
From the literature review on micro-level cognitive change, it is possible to see how miscon-
ceptions are inevitable. As situated abstractions develop, or as concretion occurs, children 
are going to draw on their own understanding of the world around them and unavoidably 
misconceive some ideas. For example, have you witnessed a young child point to a horse 
and say ‘cow’? They have noticed: (a) an animal in a field; (b) eating grass; (c) swishing its 
tail; and (d) coloured white and black. These attributes satisfy, for the child, the definition 
of a cow. They have misconceived the being as a cow. Later they will be able to distinguish 
between a cow and horse. How can this development be mediated?
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The classroom setting is a complex learning ecology (Cobb et al., 2003) that encompasses the 
historical, cultural, social, and political contexts of both mathematics and mathematics education 
(English, 2007, page 122). In the above example, it is likely that an adult or older sibling will 
correct the young child to explain that the animal is a horse and not a cow. 

Cognitive load theory
While misconceptions do occur naturally, it is important for you to be aware that learning 
can be a laborious (unconscious or conscious) process. Cognitive load theory explains how 
schemata become automated and become part of our long-term memory. At first, when new 
information is presented to us, we process it within our working memory, but our working 
memory is extremely limited in capacity and duration (Miller, 1956; Peterson and Peterson, 
1959). Once schemata have transferred from working memory to long-term memory and 
the information is used, it is not limited (Ericsson and Kintsch, 1995). Information can then 
be returned to the working memory later to be used efficiently (Tabbers, 2002). In very re-
cent research, Peters (2010) used eye-tracking technology to observe how mathematicians 
and non-mathematicians work through mathematical problems. He showed how non-ex-
perts require explicit processing while they read and interpret mathematics. They tended 
to read fully all the questions, and after working out the most relevant information, they 
would check to see if it was actually relevant. Mathematicians, on the other hand, were able 
to process information effectively by selecting the relevant information very quickly.

Alloway (2006, page 134) undertook a comprehensive literature review that considered how 
working memory works in the classroom. She identified how a child with a poor working memo-
ry capacity will struggle and often fail in such activities, disrupting and delaying learning and notes 
that children with low working memory scores also have poor computational skills. There-
fore, Alloway suggests reducing working memory demands in the classroom. This involves:

MM ensuring the children know what they are doing (i.e. they can remember the next step);
MM reducing processing demands (e.g. simplifying vocabulary);
MM breaking down tasks into simpler steps (displaying aides-mémoire; encouraging use of 

memory aids);
MM developing effective strategies for coping with situations where a child experiences a 

failure in working memory.
(adapted from Alloway, 2006, page 138)

Thinking about the process of learning as one which can be mediated in school by the 
teacher may be helpful. It is likely that you will have already come across Vygotsky’s (1978) 
zone of proximal development (ZPD). It is defined as the distance between the actual develop-
ment level as determined by independent problem-solving and the level of potential to development as 
determined through problem-solving through adult guidance or in collaboration with more capable 
peers (Vygotsky, 1978, page 86). The notion of the ZPD was developed by Wood et al. (1979), 
who considered how teachers and peers could build (scaffold) and withdraw (fade) sup-
port as necessary to help a child bridge the ZPD. 
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Cognitive load theory may explain the difference between a ‘novice’ and an ‘expert’ (in this 
case, a child and teacher). Sweller (1988, page 7) explains that the amount of information  
and how the information is organised are quite different between working memory and  
long-term memory. He points out that novices fall back on weak problem-solving strategies … 
which leads to a high cognitive load because they do not have the schemata to support their work. 

Vygotsky played a major role in relation to individual and social processes of cognitive 
change (John-Steiner and Mahn, 2003). Vygotsky understood the power and versatility of 
speech: For not only does speech function as a tool that mediates social action, it also [mediates] the 
individual mental activities of remembering, thinking and reasoning (Wells, 1999, page 136). 

Misconceptions can become rigid and resistant to revision later on (Furani, 2003). Therefore 
it is the role of teachers to be aware of potential misconceptions, the possible reasons why 
they have developed (overgeneralisation is common). Doreen Drews discusses the role of 
the teacher in Chapter 2.

Summary
This chapter has identified two levels of cognitive change. The first is the framework that 
teachers are required by law to work within: that of macro-level change that can be observed 
in curricula. Over a child’s school career it is likely that a fairly smooth progression through 
the attainment levels will be mapped out through summative assessments. However, when 
we place a microscope at any one moment in that child’s progression, the cognitive change 
is no longer smooth. Instead it is messy, with oscillation. You may have experienced this 
yourself by feeling confused in the kite-defining activity or other mathematics tasks you 
have undertaken or even taught. Micro-level cognitive change has been explored by many 
theorists. This chapter has explored the notion of developing situated abstractions and the 
process of concretion as ways of thinking about how cognitive change occurs. 

The chapter has also highlighted how difficult cognitive development can be, by briefly 
referring to cognitive load theory. The role of the adult in mediating learning concluded this 
chapter and paves the way for a more detailed discussion of the role of the adult in relation 
to children’s errors and misconceptions in the next chapter.
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Inclusive definitions of a kite
On page 2 you were asked to consider the inclusive definition of a kite. It is possible to 
identify the following attributes of a kite.

Number of right angles? At least 0

Number of pairs of equal and opposite angles? At least 1 pair

Number of pairs of equal and opposite sides? At least 0

Number of equal length sides? At least 0

Number of pairs of parallel sides? At least 0

Number of lines of symmetry? At least 1

Number of perpendicular diagonals? At least 2

Number of equal length diagonals? At least 0

Number of bisecting diagonals? At least 1

What is the order of rotation? At least 0

CHAP 1.indd   10 18/01/2011   10:14


